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Abstract 

We consider the Cauchy problem for quadratic nonhnear Klein-Gordon systems in 
two space dimensions with masses satisfying the resonance relation. Under the null 
condition in the sense of J.-M. Delort, D. Fang, R. Xue (J. Funct. Anal. 211 (2004), 
288-323), we show the global existence of asymptotically free solutions if the initial 
data are sufficiently small in some weighted Sobolev space. Our proof is based on an 
algebraic characterization of nonlinearities satisfying the null condition. 
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1 Introduction 

In the present paper we consider large time behavior of solutions to the Cauchy problem for 
nonlinear systems of Klein-Gordon equations in two space dimensions: 

(□ + m^-)uj = Fj{u, du, d'^u), {t, x) G [0, oo) x j = 1, 2, (1.1) 
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Uj{0,x) = fj{x), dtUj{0,x) = gj{x), x G M^ j = 1,2, 



(1.2) 



where n = — df — d^, d = (80,81,82) with 80 = 8t = 8/8t, 8j = 8/8xj for j = 1,2, 
and u = {uk)k=i,2 is an M^- valued unknown function, while 8u = {8aUk) k=i,2 aiid 8^u = 

a=0,i,2 

{8a8bUk) k=i,2 are its first and second order derivatives, respectively. The masses mi, m2 are 

a,fe=0,'l,2 

positive constants. Without loss of generality we may always assume mi < 1712 throughout 
this paper. The nonlinear term Fj = Fj{^, rj, () is a C°° function of (^, t], () e M^xM^^^xM^^^ 
which vanishes of quadratic order at the origin, that is, 

Fji^,r]X) = Om + \rj\ + \C\f) as (e, r/, C) ^ (0, 0, 0). 

We always suppose that the system is quasi-linear. In other words we assume that 

2 3 

Fj{u, 8u, 8'^u) = X] ^afc("' 9u)8a8bUk + Fj{u, 8u) (1.3) 

k=l a,b=0 

with some functions 'jUiCv) vanishing of first order at the origin, and Fj(^,?7) vanishing of 
quadratic order. To ensure the hyperbolicity, we assume that 

lit{^,v) = lali^,v), J,k = l,2, a,b = 0,l,2, (e,r/)GM2xM2x3_ (^4) 

Without loss of generality, we may also assume that ^'^^{i^rf) = 'ylai^^v) and 7oo(^)''7) = 0. 

From the perturbative viewpoint, quadratic nonlinear interaction is of special interest for 
the Klein-Gordon equations in two space dimensions because large time behavior of the 
solution is actually affected by the structure of the nonlinearities and by the ratio of the 
masses even if the initial data are sufficiently small, smooth and localized. In the case 
of m2 7^ 2mi (which we call the non-resonant case), it is shown by Sunagawa [T7] and 
Tsutsumi [19] that the solution exists globally without any restrictions on Fi, F2 (other 
than the hyperbolicity assumption) if fj, gj are sufficiently small in a suitable weighted 
Sobolev space. Moreover, the solution is asymptotically free in the sense that we can find a 
solution u~^{t) of the homogeneous linear Klein-Gordon equations satisfying 

lim \\u{t) - u^{t)\\E = 0, 
where the energy norm || ■ ||^ is defined by 

mt)\\E= \ (5t0,(t,x))2 + |V0,(t,x)|2 + m|0,(t,x)2rfa; 

for = (0j)j=i.2- On the other hand, in the resonant case (i.e., the case where m2 = 2mi) we 
must put some structural condition on the nonlinearities in order to obtain asymptotically 
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free solution because there are examples of {Fi, F2) such that the energy of the correspond- 
ing solution grows up as t —t- 00 (see [IB])- A sufficient condition on the nonlinearities 
is introduced by Delort-Fang-Xue |3], called the null condition (see Definition 12.11 below), 
which allows us to show the global existence of small amplitude solutions for f ll.ip -f lL2|) in 
the resonant case if the data are sufficiently small, smooth and compactly supported (see 
also Kawahara-Sunagawa [13] )■ A pointwise asymptotic profile of the global solution is also 
given in [3]. However, their result does not imply the existence of a free profile in the sense 
of the energy norm. 

The aim of this paper is to show the existence of a free profile in the sense of the energy 
norm under the null condition. Our approach is based on an algebraic characterization of 
the nonlinearities satisfying the null condition (see Proposition 15.11 below) . which will allow 
us to reduce the problem essentially to the case of cubic nonlinearity through a kind of 
normal form argument. Note also that, differently from and [13], our proof does not 
require compactness of the support of the initial data because we do not use the hyperbolic 
coordinates at all. We have only to assume that the initial data belong to some weighted 
Sobolev space and are sufficiently small in its norm, as in the non- resonant case [T7]. This 
is another advantage of our approach. 

There is a large literature on the nonlinear Klein-Gordon equation. We refer the readers 
to [I]-[5], [9]-[l9] and references therein. 

2 Main result 

Let us first recall the definition of the null condition for the resonant quadratic nonlinear 
Klein-Gordon systems. We will follow the reformulation by Kawahara-Sunagawa (see the 
condition (a) in [T3j) instead of the original definition given by |3j. For j = 1,2, we denote 
by the quadratic homogeneous part of Fj, that is. 



i^^""(e,r/,C) = limA~2F,(Ae,Ar^,AC) 

ill 



for (^,?7,() G X M^^^ x M^^^. Also we set the unit hyperboloid 



(wo, Wi, UO2) G M : cjg — — ^2 = 1} 



and 




Fp^UiO), V{uj, 9), W{uj, 9)) e-"^^'^^ d9 



(2.1) 
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for a; G H, where 



U{e) = {cos27cke)^^^^^, (2.2) 

V{LJ,e) = {-ujaruk sin 2nke) ^=1^2 , (2-3) 

a=0,l,2 

W{u;,9) = {-uJaOJbmlcos2nk9) ^=1^2 (2-4) 

a,fe=o'l,2 



and i = 



Definition 2.1. We say that the nonhnear term (^1,^2) satisfies the null condition if 
$1(0;) = $2(0;) = for all w e H. 

Examples of quasi-linear term (^1,^2) which satisfies the null condition as well as the 
hyperbolicity assumption fll.4p will be given in Remark 15.11 below. 

In order to state the main result precisely, let us also introduce the weighted Sobolev space 
as follows: 

H''\R^) = {0 G L\R^) : (1 + | ■ - A)^/^ e L\R^)} 



equipped with the norm 



For simplicity, we write if = and = ||0||h«.o- 

Now we are in a position to state the main result. 

Theorem 2.1. Let 1112 = 2mi. Assume that (^1,^2) satisfies the null condition in the 
sense of Definition Assume also that fll.3p - fll.4p is satisfied. Let fj G H^^'^'^{M.'^) , 

Qj G i!f*'*(R^) forj = 1,2 with s > 29. There exists a positive constant e such that if 

2 

+ \\9j\\H^'^{R'^)^ < (2.5) 
the problem fll.ip - fll.2p admits a unique global solution u = (^1,^2) satisfying 



s 



k=0 

Furthermore, u has a free profile, i.e., there exists {f^,g^) G H'^~^(R'^) x ii'*~^(R^) such 
that 

^]im^(||(^^i - uj){t,-)\\H'>-s{R2) + \\dt{uj - M+)(t, •)||^^.-4(K2)j = 0, 
where solves (□ + Tn'^)u^ = with {uj' , dtUj')\t=o = {fj^.g^) for j = 1,2. 
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Remark 2.1. In the paper by Kawahara-Sunagawa pS], another sufficient condition for global 
existence with small data is also introduced (see the condition (b) in [IS])- Our proof in 
the present paper does not work for that case, and as pointed out in [13], some long-range 
effect should be taken into account. It is still an open problem to find out precise asymptotic 
profile of the global solution under the condition (b) even in the simplest case 



that is a typical example which satisfies the condition (b) but violates the null condition. For 
closely related works on nonlinear Schrodinger systems, see the recent papers by Hayashi- 
Li-Naumkin [6], [7j and by Hayashi-Li-Ozawa [S]. 

The rest of this paper is organized as follows: In the next section, we give some prelimi- 
naries mainly on the commuting vector fields and the null forms. In Section 4, we recall an 
algebraic normal form transformation developed in the previous papers. A characterization 
of the nonlinearities satisfying the null condition will be given in Section 5. After that, we 
will prove the main theorem in Section 6. Throughout this paper, we will frequently use the 
following conventions on implicit constants: 

• A < B (resp. A> B) stands for A < CB (resp. A > CB) with a positive constant C . 

• The expression / = XIIga 9a means that there exists a family {Ca}a&A of real constants 

such that / = Y^aeA ^aQa- 
Also, the notation (y) = (1 + lyp)"*^^^ will be used for y E with a positive integer A^. 

3 Notations and preliminaries 

We put Xq = —t, X = (xi, X2), ^ab = Xadh — XhOa, < o, 6 < 2, and 

Z = (Zi, . . . , Ze) = [do, di, 82, f^oi? ^02, ^12) • 
Note that the following commutation relations hold: 



for m E M., 1 < j < Q, < a,b < 2. Here [■, ■] denotes the commutator of linear operators, 
and (?7afe)o<a,6<2 = diag(— 1, 1, 1). For a smooth function of {t,x) G M}^^ and for a non- 
negative integer s, we define 




[□ + m^, Zj] = 0, 

[riab, dc] = Vbcda - Vcadb, 

[flab, fled] = Vadflbc + Vbc^lad — Vac^lbd — Vbd^l, 



'ac 



(3.1) 



mt,x)\s:= J2 l^>(^'^)l 
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and 

\\m\s--= 

\q\<s 

where a = (ai, . . . , a^) is a multi-index, Z" = Z"'^ ■ ■ ■ Z^^ and |a| = ai + ■ ■ ■ + a^. Next we 
introduce the null forms 

Qab{<P,^) = (damdb^) - {db<l>){da^), < a, 6 < 2, (3.2) 

2 

Qo(0,^) = {dt<P){dt4j) - ■ (V.^) = -J2 Vab{da<P){db^). (3.3) 

a,b=0 

As pointed out in [4] (see also |12]), Qab has a certain compatibility with the Klein-Gordon 
operator □ + m^, while Qq is sometimes not so if m 7^ 0. In what follows, we call Qab the 
strong null forms. From the identities 

XcQab{<P,i^) = {^ca(p){db'ip) + (^^bc0)(5aV^) + (9^0) (^^a^,V^) , 
dcQab{(p, i^) = Qab{dc(p, i^) + Qab{(p, d^)), 
^cdQab{(p, i') = Qab{^cd(p, ^) + Qab{(p, ^cd^) + rjacQbd{(t), ^) 

+ r]hdQac{(t), i') - VadQbM, i') - 'nbcQad{(p, ip), 

we deduce the following properties on the strong null forms. 
Lemma 3.1. Let (p, be smooth functions on {t,x) G M^^^. We have 

iQa6(0,^)i < + mmi) 



for < a,b < 2, and 



Z^Qa,{<f),^) = Qcd{Z^<P,Z^^) 

c,d=0 |/3| + |7|<|a| 



for any multi-index a. 



We close this section with the following decay estimate due to Georgiev [5]. 

Lemma 3.2. Let m be a positive constant and w be a solution of the inhomogeneous linear 
Klein-Gordon equation (□ + m'^)w = h for t > 0, x G M^. Then we have 



{t + \x\)\w{t,x)\<YYl vji^)\\i^ + \y\)z^f'i'^^y)\ 



j=0 |/3|<4 -^^[°'*] 



i=0 |/3|<5 
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provided that the right-hand side is finite. Here {v9j}°^q is the Littlewood-Paley partition of 
unity, i.e., 

oo 

J2 '^^■(^) = 1 > 0); fje C^{R), > for J > 0; 

j=0 

supp C [2'-\ 2^+1] for J > 1, supp ifo n M>o C [0, 2]. 



4 Algebraic normal form transformation 

In this section, we recall an algebraic normal form transformation developed by [2], [TT] , 
[IS], [IZ], etc. Let f j and Vj be smooth functions on {t, x) G M^"*"^. We set hj = (□+m|)t'j and 
hj = (□ + m'^)vj for j = 1, 2. Throughout this section, we use the the following convention: 
We write 

$ ~ v[/ 

if $ — ^ can be written as a linear combination of Qabid'^Vk, d^vi), {d'^Vk){d^hi), {d'^hk){d^vi) 
or hkhi with < 1, < a, 6 < 2 and 1 < k,l < 2, where Qab is given by (13. 2p . 

Proposition 4.1. Put e^i = VkVi, e^i = Qo{vj:,vi) and Cj = □ +m^, where Qq is given by 
(K^ . We have 

{CjBki CjBki) ~ (efc; eki)Ajki, 

where 

. f m'j — m| — mf 2m^mf 

-^jkl I 2 2 2 

\ 2 THj — — mf 

Proof. This proposition is nothing but a paraphrase of Lemma 6.1 of [17]. However, for 
the convenience of the readers, we give a proof here. It is sufficient to show that 

□e^ {ml + m1)eki + 26^ (4.1) 

and 

□gfez ~ -{ml + m^i)eki + 2mlmleki. (4.2) 

Since Df/j = —mlvk + h^ and Ovi = —mfvi + hi, we have 

Oski = {Ovk)vi + VkOvi + 2Qo{vk,vi) 
~ {-mlvk)vi + Vk{-mfvi) + 26^ 
= -{ml + w?i)eki + 2efci, 



7 



which yields the first relation (14. ip . As for the second relation f l4.2p . we observe the relation 

{dadcVk){dbddVi) = {dadbVk){dcddVi) + Qcb{daVk,ddVi) ~ {dadbVk){d^ddVi) 

to obtain 

ngfe, = Qoiavk,vi) + Qoivk, avi) + 2^^riabricd{dadcVk){dbddVi) 

a,b c,d 

~ Qo{-mlvk,vi) + Qo{vk, -mfvi) + 2 ^^riabricd{dadbVk){dcddVi) 

a,b c,d 

= -{ml + m^)Qo{vk,vi) + 2{nvk){avi) 

(ml + mf)eki + 2{-mlvk){-mfvi) 

= -{ml + mf)eki + 2mlmfeki. 

This completes the proof. □ 



Now we focus our attention on the structure of the matrix Ajki for 1 < j < 2 and 
1 < k < I < 2 under the resonance relation m2 = 2mi > 0. Since 

det Ajki = Y\_ (^j + ^'^^k + o-2m/), 

cri,o-2e{±l} 

we can see that Ajki is invertible if and only if (j, k, I) = (1, 1, 1), (1, 2, 2), (2, 1, 2) or (2, 2, 2). 
In this case, we have 

VkVl = {Gm Gkl) \ i 



[bm eki)A 



jki 



Pjkl 
Pjkl 

Pjkl 
pjkl 



= (□ + rrij) [pjkiVkVi +PjkiQo{vk, Vi)j (4.3) 
with 



Pjkl 



jkl I Q 



On the other hand, Ajki is degenerate when (j, k, I) = (1, 1, 2) or (2, 1, 1). Indeed, 



-2m? 



Image (Aiu) = <k[ M:kGM^, Image (A211) = <k[ M : kE 



m 
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Remark that Image (A112) and Image (A211) correspond directly to the quadratic terms 

Gi{vi,V2) ■.= Qo{yi,V2)-2mlviV2^ {n + ml) (^^^ (4.4) 

and 



G2(wi, vi) := Qoivi, vi) + mivivi ~ (□ + m^) (^-^ J . (4-5) 
respectively. The following quadratic terms should be also associated with Image (Aiu): 

Hl,a{Vi, V2) ■■= VidaV2 + 2V2daVi, = 0,1, 2. (4.6) 

In fact, it follows that 

2m\Hi^a{Vl,V2) + Gi{vi, daV2) =Qo{vi, daV2) + Am\{daVi)v2 

= -^ribc{dbVi){dcdaV2) + ml{daVi)v2 

b,c 

~ -'^r]bc{daVi){dbdcV2) + ml{daVi)v2 

b,c 



--{daVi)h2 ~ 0, 



whence 



VldaV2 



HUVUV2) - -^G,{v„d^V2) - (B+mi) [-^J ■ (4-7) 
Similarly 

H2,a{vi,vi) := VidJji-VidaVi, a = 0,1, 2, (4.8) 
are associated with Image (A211) since we can see that 

VidaVl 

2 
1 



H2A^u^i) ~ —G2ivi,daVi) ~ {a + mi) ] . (4.9) 

777/1 \ jLiTYli 



The above observation will play the key role in the proof of Theorem 12.11 

5 Characterization of the null condition 

The aim of this section is to give a characterization of the null condition in terms of Gi, 
G2, Hi a, H2^a, and Qab defined in the previous sections. What we are going to prove is the 
following. 
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Proposition 5.1. (^1,^2) satisfies the null condition if and only if its quadratic homoge- 
neous part can be written in the following form: 

2 

Fr\u, du, d\) = d^U2) + Y. Hhaid'^Uu d''u2) 

|«| + |^|<1 a=0 |a|,|/3|<l 

2 

+ E Qab{d''Ul,d^U2) 
a,b=0 \a\ + \/3\<l 

+ (5"«2)(9%), (5.1) 

l"l,l/3|<2; |a| + |/3|<3 l«l,l/3|<2; H + \fi\<3 



2 2 

Fr\u,du,d\)= J]'G2(Mi,9"Mi)+ H2,a{^^l,dbU,)+ Qab{Ui,d,Ui) 

\a\<l a,b=0 a,b,c=0 

+ (5"«2)(5%), (5.2) 

\a\,\fS\<2; |a| + |/3|<3 |a|,|/3|<2; |a| + |;8|<3 

where Gi, G2, Hi^a, -f^2,a; and Qab are given by (14.4^ . (14.5^ . f l4.6p . (14. Sp . and (13. 2|) . respec- 
tively. 

Remark 5.1. If we further assume (ll.3l) - (ll.4p in addition to tlie null condition, some restric- 
tion on the coefficients for the terms including d^u is needed. For example, the following 
(^1,^2) satisfies the null condition as well as (ll.3p -f ir^ : 

2 

Fi =YPaGliUi,daU2) + ^ qabHi^a{Ul, dbU2) 

a=l 0<a,b<2;a+bT^0 
2 

+ G'i(9aMi,M2) + Y Hi^aidbUi,U2), 

a=l 0<a,b<2;a+b^0 

2 

^2 =^PaG'2(Ml,5aMi) + Y qabH2,a{Ul,dbUi) 

a=l 0<a,b<2;a+bT^0 

with real constants Pa and q^b- 

Proof of Proposition 15.11 For j = 1, 2, we will write 

^(m, du, d'^u) ~ \E'(m, du, d'^u) 

if we have ^ 

[ - {u{9), viuj, 9), wiuj, e))e-^^'^^de = 

Jo 
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for a; G H, where U, V and W are given by fl2.2p . fl2.3p and fl2.4p . respectively. We split 

Fj'''"^{u,du,d'^u) into the three parts: 



Fp\u, du, d^u) = Fj\u, du, d\) + Fj^u, du, d^u) + Ff (m, du, d 
with 

|a|,|/3|<2;|a| + |/3|<3 

Then we can check that 

du, d\) ~ Fl\u, du, d\), F^'^'-'iu, du, d\) ~ F^\u, du, d^u) 
by using the relation 



' ^ 1 if (j,A;i,/c2) = (l,-l,2)or (2,1,1), 

otherwise, 



^2ni{ki+k2-j 
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for j = 1,2 and ki,k2 E Z with 1 < < |A;2| < 2. Hence we only have to investigate F^ 
and F-}^ in order to check the null condition. 

First we consider F^^. We rewrite {d°'ui){d^U2) with |a| = as follows: 

=^ (Qo(wi,5%) , < 1, 

Ui{dadbU2) = - 2{daUi){dbU2) + Hi^a{Ul, dbU2) ■ 

We can rewrite {d'^ui){d^U2) with = in a similar fashion. Moreover we have 

{dcUi){dadbU2) = -2{dbU2){dadcUi) + Hi^a{dcUl,dbU2). 

Hence we find 

2 2 

{U,du,d'^u) = ^ Kb{daUl){dbU2) + ^ IJ^abcidcU2)idadbUi) 
a, 6=0 a,6,c=0 

2 

|a| + |/3|<l a=0 |a|,|^|<l 

with some real constants Xab and jjabc- Since Gi{d°'ui,d^U2) — and Hi^a{d"ui,d^U2) — 0, 
it follows from the definition of $i that 



,2, 



3 



mim2 \- - mim2 \- 

<I>l(a;) = ^ 2^ AafoWaWb - I 2^ HabcUJaUJb(^c- 

a, 6=0 a,6,c=0 
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In order that this quantity vanishes identically on H, we must have Xaa = for < 
a < 2, Xab = — Afta for < a < 6 < 2, and so on. Now it is not difficult to see that 
Zla.fe ^ab{daUi){dbU2) and Y.a,b,cl^ohc{,dcU2){dadhUi) cau be written in terms of the strong null 
forms. Hence we have (15. ip . The converse is also true. Similarly, by writing 

Mi((9°Mi) = - \ {Qo{ui, d"ui) - G2{ui, <9"mi)) , |a| < 1, 
mf 



Ui{dadbUi) ={daUi){dbUi) + H2^a{Ul,dbUi), 



we have 



F2^{u,du,d'^u) = Xab{daUi){dbUi) + llabc{dcUi){dadbUi) 

a, 6=0 a,6,c=0 

2 

+ ^ G'2(Mi,9°Mi) + ^ H2,a{Ui,dbUi) 
\a\<l a,b=0 

with appropriate real constants Xab and p^abc, which leads to 

^2iuj) = - ^ ^ Xab(^a^b X] flabc^a^b^c- 

a,b=0 a,b,c=0 

As before, $2(0;) = on M implies that 'E^a,b ^<ib{daUi){dbUi) and Y.a,b,cl^cLbc{,dcUi){dadbUi) 
can be written in terms of the strong null forms. This leads to (15. 2p . The converse is also 
true. □ 

By Proposition EH (i3]), (i3]), (iS]), (iZ]), and (iS]) we obtain the following. 

Corollary 5.1. Let {ui,U2) be a smooth solution for (II. ip . // (^1,^2) satisfies the null 
condition, we have 

Fj{u, du, d'^u) = (□ + mJ)Aj + Nj + Rj 

for j = 1,2, where 

2 

k,l=l |a|,|/3|<3 
2 2 

Nj=J2Yl Qabid''Uk,d^Ul), 

k,l=l a,b=0 |q:|,|;S|<3 

and Rj is a smooth function of {d"'u)\a\<5 with 

R. = o(^\{d°'u)\a\<5\^^ near {d°'u)\a\<5 = 0. 
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6 Proof of the main theorem 



Now we are ready to prove Theorem I2.1[ The main step of the proof is to get some a priori 
estimate. From now on, we suppose that the null condition, as well as fll.3l) - fll.4l) . is satisfied 
and let u = (Mj)j=i,2 be a solution to f ll.ip - fll.2p for t e [0,T). We define 

E{T)= sup \ {t)-' {Mt)\U + \\du{t)\U) 

0<t<T L 

+ \Ht)\\,_4+\\du{t)\\s^^+ snp{{t+\x\)\u{t,x)\s-i2} 
where s > 29 and < 6 < 1. Then we have the following. 

Proposition 6.1. Assume that fj, gj satisfy fl2.5p . Suppose that E{T) < 1. There exists a 
positive constant Cq, which is independent of e and T , such that 

E{T)<Co{e + E{Tf). (6.1) 



Proof. The following argument is almost the same as that of the previous works ([H], [E 
[T7] . etc.). First we note that Corollary 15. II and the commutation relation (13.11) imply 



with 



□ + m')Z'^{u, - A,) = Z^{N, + R,) (6.2) 



|Z"Aj(t,x)| < |M|[|a|/2]+3(|M||Q|+2 + \du\\o,\+2), (6.3) 
|Z"i?j(t,x)| < |M|J„|/2]+5(|w||a|+4+ |5M||a|+4), (6.4) 



and 



\Z'"Nj{t,x)\ < -^^^^ hi [|„|/2]+4 (1^1 1-1+3 + l^^ll"l+3) (6-5) 
by Lemma [3.1[ We use Lemma [3.21 for (16. 2p with |a| < s — 12 to obtain 

(t+|x|)|Z-(n,-A,)(t,x)| 

|a|<s-12 



+ E E sup v^,(r)||(r+|-|)Z^(Ar,. + i?,)(r,-)| 

j=0 |/3|<s-8^^[°'*l 



L2' 



where we have used 



E E \\{yWM){Z\u, - A,))(0,y)||^,(^,) < ^2-^-(||/||^.-4.-. + Mhs-s.-.) < e 
j=o \m<s-7 " j=o 
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by ([23]). From (EID and ([S3]) it follows that 
J2 \\{t+\-\)Z^iN, + R,)it,.)\\^, 

m<s-8 

< ^{Ht)\\s-4+\\duit)l^,) sup((t+ |i/|)|n(t,y)|j(^_g^/2]+5 
+ ^ (II^W + WMt) \\s-4) sup ((t + y) I [(,_8)/2]+5) ' 

- (t) ■ 

Here we have used the relation [(s — 8)/2] + 5 < s — 12 for s > 25. So we have 

{t + \x\)\uj{t,x) - Aj{t,x)\s^i2 < e + y] sup v9j(r)— — 

^ re[o,t] {t) 

00 
i=o 

<e + E{Tf. 

Also, (16. 3p and the Sobolev embedding theorem yield 

{t + \x\)\Aj{t,x)\s-12 < {t+ \x\)\u{t, x)\[^s-12)/2]+3\u{t, x)\s-9 

< {t + \x\)\u{t,x)\s-12\Ht)\\s-7 

< E{Tf. 

Summing up, we obtain 

{t+\x\)\u{t,x)l-i2<e + E{TY (6.6) 

for (t, x) G [0, T) xM^. Next we apply the standard energy inequality to (16. 2p with \a\ < s— 4. 
Then we obtain 

\\{u,- k,){t)\l-,+ mu,- k,){t)\\s-4<S+ [)\{N, + R,){T)\l_^dT. 

Jo 

By using (16. 4p and (16.51) again, we see that 

\\{N,+R^)it)l^^<^{\\uit)\U+\\duit)l) snp{{t+\y\)\uit,y)[^^^^ 



+ T^{\Wms + \\duit)\U) sup ({t+\y\)\u{t,y)^^ 

~ (t)2-5- 
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Here we have used the relation [(s — 4)/2] + 5 < s — 12 for s > 29. So we have 

- A.)WII.-4 + \\d{u, - A,)(t)||.-4 <e + J^ ^^dr < e + E{Tf. 
Also, (I6.3P leads to 

||A,(t)||,_3 + ||5A,(t)||,_4 < 7^ sup Ut + ||/|)|M(t,y)|[(,_3)/2]+4) {\Ht)\\s-l + \\du{t)\l^,) 



(t) 

<E{Tf{tY-\ 

To sum up, we have 

\Ht)\\s-^ + \\du{t)\l^^ < e + E{Tf (6.7) 
for t G [0,T). Finally we apply Z° to f 1 1.11) with |a| < s to obtain 

2 3 

{U + m]){Z-u,) liti^^,du)dMZ-u,) = Fj"\ j = 1,2 (6.8) 

k=l a,b=0 

With F^''^ = Z-{F,{u,du,d'u)) - El=iElb=oliti^^du)dMZ-Uk), where 7 = (7^') is 
from (11.31) . Because of (II. 4p . we can use the energy inequality for hyperbolic systems with 
symmetric variable coefficients to estimate ||Z"'u(t)||i2 + ||9Z"M(t)||i2, and we see that 



\Ht)\\s + Wdums < e + I \\d{^{u,du)){r)\\^J\du{r)\U + \\F^^\T)\Udr. 

Since 



and 



we have 



l^^"-*! ^ I^^I[^/2]+2(|m|. + \du\s) < \u\s-12{\u\s + \du\ 

\d{7it{u,du)) \ < \u\i + \du\i, 



t 

2/\S-l, 



Mt)\\s + \\du{t)\U < e + / EiTYirr-'dT 

Jo 

<e + E{Tf{tY (6.9) 
for t G [0,T). By (16.61) . (16. 7p and (16. 9p . we arrive at the desired estimate (16.11) . □ 

Now we finish the proof of Theorem 12. 1[ The inequality (16.11) implies that there exists a 
constant M > 0, which does not depend on T, such that 

E{T) < M 
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if we choose e sufficiently small. The unique global existence is an immediate consequence 
of this a priori bound and the classical local existence theorem (see [TU] etc.). To prove the 
existence of a free profile, we remember that 



with 



Now we set 



'p + m]){uj-K,)=N,+R^ 



||(iV, + i?,)(i,-)b=-^(R^)<(t)-'+', 
||A,(t,-)lk-3(K2) + ||atAi(t,-)lk-4(K2) < {ty'+'. 



n = /. - ^Lo + [ """^^^'h N, + R,){r, .)dr, 

POO 

at = 9j - dtAjl^, + / (cos(-rf^,)) (iV, + i?,)(r, ■)dT 

Jo 



and 



<(v) = (cos(tf^,))/; + ^^^^^7; 



sin (tflj 

with rij = (m| — A)^/^. Since the Duhamel formula yields 



uj{t, ■) - A,{t, ■) = (cos(tf2,)) (/, - A,\t=o) + - dtAj\t=o) 



sin((t-r)O,0 



, p sin((t-r)f2,),,^ 

J t J 



we have 



[uj - u+)(t, ■)\\hs-3(m.2) + \\dtiuj - u+)(t, ■)\\hs- 



^ \\^j{tr)\\H--HR^) + \\dtAj{t,-)\\H--H^-^)+ I \\{Nj + Rj){T,-)\\H--HR'')dT 



4 
oo 



This completes the proof of Theorem 12.11 □ 
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